We study the transport properties and superconducting proximity effect in NSN junctions formed by a time-reversal symmetry broken Weyl semimetal (WSM) in proximity to an s-wave superconductor. We find that the differential conductances and induced pairing amplitudes strongly depend on the angle between the junction direction in real space and the axis separating the Weyl nodes in momentum space. We identify the influence of a chiral chemical potential, i.e., the electron population imbalance between Weyl nodes of opposite chirality, on the transport characteristics of the junction. Remarkably, we observe a net spin polarization of Cooper pairs that are generated via Andreev reflection in the two WSM regions. The spin polarization is opposite in the two WSM regions and highly sensitive to the chirality imbalance and excitation energy.
I. INTRODUCTION
Weyl semimetals (WSMs), which are threedimensional topological phases of matter with strong spin-orbit coupling, have been subject of intense research activities during the last years [1] [2] [3] [4] [5] . They are featured by pairs of linear band crossings, called Weyl nodes, in momentum space. Since the Weyl nodes are topologically protected and closely associated with the chiral anomaly, WSMs impose a plethora of characteristic phenomena, such as surface Fermi arcs 6 , nonlocal transport 7 , and anomalous magnetoconductance [8] [9] [10] [11] [12] [13] . Moreover, there have been a growing number of realistic materials proposed theoretically [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and confirmed experimentally [26] [27] [28] [29] [30] [31] as WSMs. The proximity of materials with strong spin-orbit coupling to an s-wave superconductor can produce spin-triplet pairing which may give rise to topological superconductivity 32 . This implies intriguing physics, such as the emergence of oddfrequency superconductivity [33] [34] [35] and Majorana bound states 32 . Among spin-triplet pairing, equal-spin pairing is of particular interest for superconducting spintronics 36 because it offers the potential to transfer and manipulate spin-polarized Cooper pairs. Recently, it has been put forward to generate equal-spin pairing in surface states of topological insulators without introducing magnetic order 37 . WSMs possess desirably strong spin-orbit coupling 5, 6 . It is therefore of fundamental interest and application potential for spintronics to explore the possibility of equalspin pairing and related transport signatures in WSMs. There have been a few works studying the transport and pairing properties of superconducting heterostructures based on WSMs [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . However, the induced pairing in the WSM region is still poorly understood. Furthermore, previous studies focused only on the case where the electron populations at any Weyl nodes are the same. In principle, Weyl nodes of opposite chirality do not need to have the same electron population. In fact, an electron population imbalance between Weyl nodes of different chirality, called chiral chemical potential (CCP), can be achieved, e.g., by the chiral anomaly with applying parallel electric and magnetic fields 8, 48, 49 , by a strain deformation 50, 51 or in a superlattice system with breaking both time-reversal and inversion symmetries 52 . This raises an important question of how the CCP influences the transport properties and superconducting proximity effect in Weyl heterostructures.
In this article, we investigate the transport and induced local pairing amplitudes in Weyl semimetalsuperconductor-semimetal (NSN) junctions by using the scattering approach [53] [54] [55] . In particular, we consider a WSM which breaks time-reversal symmetry and focus on the influence of a CCP. Due to the anisotropy of the band structure of the WSM, the differential conductances across the junction and the superconducting proximity effect strongly depend on the angle between the junction direction and the axis separating the Weyl nodes. The CCP shifts the excitation energy spectrum of the system and consequently changes the local and nonlocal differential conductances as a function of the bias voltage. The interplay of strong spin-orbit coupling and s-wave superconductivity in the system leads to the emergence of equal-spin pairing even deep inside the WSM regions. Interestingly, we find that for appropriate angles, the CCP gives rise to a large net spin polarization of Cooper pairs in the WSM regions. The spin polarization is opposite in the two WSM regions. It depends on the excitation energy, strength of the CCP and junction direction. This CCP-induced spin polarization of Cooper pairs with a dipole feature may find promising applications in superconducting spintronics.
The remainder of the paper is structured as follows. In Sec. II, we introduce the setup and model Hamiltonian. Then, we describe in Sec. III the scattering states for calculating the differential conductances and induced pairing amplitudes in the WSM regions. Sec. IV is dedicated to the results regarding the differential conductances, and Sec. V to the results regarding pairing amplitudes and spin polarization of Cooper pairs in the WSM regions.
Finally, we conclude and discuss the experimental relevance in Sec. VI. 
II. SETUP AND MODEL
We consider an NSN junction formed by a Weyl superconductor sandwiched between two leads of WSMs, as illustrated in Fig. 1(a) . The left and right WSM regions extend semi-infinitely alongẑ direction and are connected to the voltage sources V L and V R , respectively. The superconductor is grounded. The interfaces between WSMs and superconductor, located at z L ≡ −L s /2 and z R ≡ L s /2, are assumed to extend along the xy-plane. We consider the simplest WSM with a single pair of Weyl nodes. The minimal model at low energies is given by
where v F is the Fermi velocity which we take as v F ≡ 1; µ is the chemical potential; τ = ± denotes the Weyl nodes of positive and negative chirality, respectively; s 0 and s 1,2,3 are unit and Pauli matrices acting on the spin space, respectively.
is the spinor basis for Weyl nodes with c † s,τ,q the creation operator for an electron with spin s and momentum q at node τ . q means that q is restricted to the momenta in the vicinity of the nodes. The two Weyl nodes are related by inversion symmetry, as indicated by s z H + (q)s z = H − (−q). Without loss of generality, we assume that the pair of Weyl nodes are separated in theê 3 crystalline axis, K 0 = ±K 0q3 .
The model (2) also features a rotational symmetry with respect to theê 3 axis. In general, the crystal coordinates are different from the junction coordinates. To describe this, we introduce the angle α between the junction directionẑ and theê 3 axis. For the junction problems, it is convenient to work with the junction coordinates r = (x, y, z) (correspondingly, k = (k x , k y , k z ) in momentum space). The two coordinate systems are related by a rotation matrix with respect toŷ direction, which is given byR
Explicitly, we use the rotation (q x , q y , q z )
T with T meaning the transpose.
We consider the BCS-like s-wave pairing potential in the superconductor, which may be induced by proximity to a conventional superconductor 40, 56 . At low energies, the pairing term reads
where ∆ is the pairing potential. The pairing potential couples excitations at one Weyl node to those at the other node. Combining the model (2) with the pairing term in Eq. (4), the Bogoliubov-de Gennes (BdG) Hamiltonian for the system can be written as two decoupled blocks H ± in the basis (c † ↓,−,k , c ↓,+,−k , −c ↑,+,−k ) in the junction coordinates, respectively. The two blocks are related by particle-hole symmetry. For a uniform pairing potential, the system realizes a Weyl superconductor 56, 57 with four Weyl nodes in the BdG spectrum. We next perform the unitary transformations
witĥ
where τ 0 and τ x,y,z are unit and Pauli matrices in particle-hole space, respectively. Then, the K 0 -dependence is moved into the basis wavefunctions and the α-dependence into the order parameter. The resulting BdG Hamiltonians H ± become
In the NSN junction, the chemical and pairing potentials are spatially dependent. For simplicity, we assume a steplike model for these potentials
which is justified when the chemical potential µ S in the superconductor is much larger than that in the WSM regions 58, 59 . Also to satisfy the mean-field approximation for ∆ 0 , a heavily doped superconductor is assumed. Thus, in this work, we focus on the case with |µ S | |µ N |, ∆ 0 . A CCP between the two Weyl nodes, which can be induced by applying parallel electric and magnetic fields via the chiral anomaly 8, 48, 49 or by a strain deformation 50, 51 , can be taken into account by introducing a term ∓χs 0 in H ± in Eq. (2), respectively, where χ measures the strength of the chirality imbalance. This CCP breaks the inversion symmetry of the model and requires an additional term
in the BdG Hamiltonian H ± in Eq. (7). To illustrate the main effect of the CCP and for simplicity, we consider a constant χ everywhere in the junction. Then, the CCP leads to opposite energy shifts in the excitation spectra of the two blocks H ± . This essential mechanism results in interesting phenomena with respect to transport and induced pairing amplitudes as we will discuss below.
III. SCATTERING STATES
To study the transport properties and superconducting proximity effect in the Weyl NSN junction, we apply the scattering approach [53] [54] [55] . Due to the translational invariance parallel to the interfaces, the scattering modes with different transverse wave vectors k = (k x , k y ) can be treated separately. In the following, we take the H + block to illustrate the calculations. The results for the other block H − can be obtained from those for H + by exploiting the particle-hole symmetry between them. The four scattering states for H + are built up as
where φ 1/2 (z) describes an electron/hole excited in the left lead moving towards the interface, while φ 3/4 (z) describes the corresponding processes in the right lead. We omit the factor e ikxx+ikyy for convenience. a j , b j , c j and d j with j ∈ {1, 2, 3, 4} are amplitudes of Andreev reflection, normal reflection, electron co-tunneling and crossed Andreev reflection, respectively, while s j,i with i ∈ {1, 2, 3, 4} are the scattering amplitudes in the superconducting region. These amplitudes are determined by matching the wavefunctions at the interfaces z = z L/R ,
The basis wavefunctions in the WSMs are given by
where
The alphabetical subscript e/h distinguishes electrons from holes, the arrows point in the direction of propagation (with respect toẑ direction) and ζ e/h = sign ε + χ ± µ N + k || indicates whether the particle stems form the valence or the conduction band.
The basis wavefunctions in the superconductor, in general, can also be found analytically, but are too extensive to be displayed here. However, under the assumption of a large chemical potential mismatch, |µ S | |µ N |, all excitations show quasi-perpendicular (k || ≈ 0) transmission into the superconductor. In this regime, we can approximate the basis wavefunctions as
Evidently, the effective superconducting gap depends on the angle α as∆ 0 ≡ ∆ 0 sin α. Hence, it vanishes for integer multiples and is maximal for half integer multiples of π. This angle dependence reflects the anisotropy of the band structure and may be regarded as a characteristic feature of the Weyl NSN junction.
IV. DIFFERENTIAL CONDUCTANCE
With the scattering amplitudes a j , b j , c j and d j , we are ready to calculate the differential conductances across the junction. The local and non-local (differential) conductances, defined as
, respectively, at zero temperature can be written in terms of scattering probabilities G LL = 2e
where the sum runs over all relevant k that allow incident channels 62 . The probabilities of the four relevant processes for an incident electron from the left are given by
Let us assume a bias voltage V L = V is applied to the left lead and keep the right lead unbiased V R = 0. The bias voltage V enters the formulas (15) as the excitation energy ε → eV via the scattering probabilities. For definiteness and experimental feasibility, we consider a large chemical potential in the WSMs compared to the pairing potential and CCP, i.e., |µ N | ∆ 0 , χ. To manifest the non-local transport, we choose a junction length comparable to the coherence length of the superconductor, L s = ξ ≡ v F /∆ 0 . We note that the main results discussed below do not change qualitatively for other choices of µ N or L s . In the following, we normalize the local and non-local conductancesḠ LΛ ≡ G LΛ /G G LΛ (α) =Ḡ LΛ (π − α). This angle dependence reflects the strength of the effective superconducting gap which scales as∆ 0 = ∆ 0 sin α. For α = 0, π, Andreev and crossAndreev reflection processes are completely suppressed and the same characteristics as for a Weyl NN N junction with ∆ 0 = 0 are observed. For α = π/2 (∆ 0 ≈ ∆ 0 ), Andreev and crossed Andreev reflections occur with prominent probabilities in the sub-gap region (eV <∆ 0 ), while the normal transport is quickly restored in the supra-gap region (eV >∆ 0 ). Unlike the normalized conductance in Weyl NS junctions 38 , the normalized local conductance is no longer a constant in the sub-gap region, as the incoming particles can tunnel from one WSM region into the other. Instead, the conductancesḠ LΛ vary substantially and show oscillatory behavior which stems from the interference effect in the junction. The local conductance G LL is larger than G 0 LL for α = 0, π inside the gap due to the contribution of Andreev reflection.However, the non-local conductance G LR is reduced by crossed Andreev reflection, as indicated by Eqs. (15a) and (15b). At zero bias voltage,Ḡ LL exhibits a pronounced peak whereasḠ LR has a flat valley, as shown in Fig. 2 A finite CCP enters as opposite energy shifts in the excitation energy spectra of H ± and hence results in opposite shifts with respect to the bias voltage, eV → eV ± χ. Consequently, the conductances G ± LΛ from the two blocks H ± become different and are no longer even functions of eV , see Fig. 3 . However, the relations between them, G − LΛ (χ, eV ) = G + LΛ (χ, −eV ), are preserved since the CCP does not break particle-hole symmetry. Therefore, the total conductances of the system,
are still even functions of eV . For large bias voltages eV χ, the normalized conductancesḠ
LΛ , recover their values in the absence of CCP, as shown in Fig. 4(a) and (b) . However, substantial modifications emerge within the small bias voltage window |eV | χ. In the local conductanceḠ With increasing χ further, bothḠ Σ LΛ (0, eV ) gradually relax to unity where the superconducting effect becomes negligible. From this point of view, the CCP plays a similar role as the bias voltage and may be used to control the transport in the Weyl junction. Note that one could introduce the CCP by applying a uniform parallel electromagnetic field 8, 48 or a strain deformation 50,51 to the junction, and tune the strength of the CCP via the field strength. On the other hand, the conductance modification by the applied fields in the small bias voltage regime can also serve to detect the CCP.
V. INDUCED PAIRING AMPLITUDES
We now proceed to discuss the induced pairing amplitudes in the WSM regions. The pairing amplitudes are contained in the anomalous Green's function (the electron-hole part of the Green's function in Nambu space). The retarded Green's function can be constructed by combining the scattering states 37,53,55
where φ l (z) with l ∈ {1, 2, 3, 4} are given by Eqs. (11), whileφ l (z) are the scattering states of the transposed Hamiltonian (H + ) T , which can be obtained analytically in a similar way. Note that G R are also functions of other variables such as ε, α, χ and k . The spatial dependence is shown explicitly in Eq. (18) because it is important to determine the coefficients α l and β l . Requiring the discontinuity of G R (z, z ) at any position z = z across the junction,
α l and β l are analytically derived as
Transforming back to the original spin space, the retarded anomalous Green's function can be written in a 2 × 2 matrix of the general form
The functionsf + s with s ∈ {0, z, ↑↑, ↓↓} correspond to the pairing amplitudes of spin-singlet, opposite-spin triplet and equal-spin triplets, respectively. In this work, we are interested in the induced local pairing amplitudes f + s (z) ≡f + s (z, z = z) at the interfaces and in the WSM regions. The local pairing amplitudes in the left WSM region (z = z z L ) can be found explicitly as
The ones in the right WSM region (z = z z R ) are related to the Andreev reflection amplitude a 3 . Using a 3 (α, θ k ) = a 1 (−α, −θ k ), they can be obtained from Eqs. (22a-22d) by the relations
The local pairing amplitudes stem from Andreev reflection at the interfaces, as indicated by their proportionality to the Andreev reflection amplitudes a 1 or a 3 . To analyze the weights of different pairing components, we define the averaged amplitudes as
where the sum runs over all available modes that allow for local or crossed Andreev reflection to happen, i.e., the processes in which Cooper pairs are created. These quantities measure the amount of induced Cooper pairs of spin singlet, opposite-spin triplet and two equal-spin triplets, respectively. Before considering the influence of the CCP, it is also instructive to discuss some important features in the absence of a CCP. The pairing amplitudes at the left interface z = z L for the block H + are plotted in Fig. 5 as functions of the angle α and energy ε. First, all the averaged amplitudes are even functions of ε. With increasing |ε|, f + 0/z (z L ) decay monotonically to zero since the superconducting effect decreases away from the Fermi energy. Second, the module of the two opposite-spin amplitudes, namely, the spin-singlet f + 0 (z L ) and opposite-spin triplet f + z (z L ), are identical. This results from the fact that for the block H + , the only available reflected hole states moving away from the left interface are polarized with spin up. Third, both f + 0/z (z L ) vanish at α = 0, π whereas maximize at α = π/2 and 3π/2, and they are π-periodic in α, as shown in Fig. 5(a) . This feature, similar to the conductances, stems from the α-dependent effective superconducting gap. In addition, we find that the opposite-spin amplitudes at the right interface are equal to the ones at the left interface, f
Notably, the same behavior occurs for the other block H − . More intriguing features can be found with respect to the equal-spin amplitudes f + ↑↑ and f + ↓↓ . First of all, both f + ↑↑/↓↓ (z L ) vanish not only near α = 0, π but also at α = π/2, 3π/2, as shown in Fig. 5(b) and (c) . The vanishing at α = 0, π is because of the effective pairing potential being zero in the superconductor and no superconductivity being present for any k , whereas the vanishing at α = π/2, 3π/2 is due to a restoration of a C 4 symmetry with respect toẑ direction such that the equal-spin amplitudes from all k average to zero. With increasing energy ε, both f 
which can also be related to the symmetry in Eq. (25) that flips the spins. We next consider the equal-spin amplitudes away from the interfaces in the WSM regions. The equal-spin amplitudes f pendence in the amplitudes. Take H + for illustration. The position dependence is contained in a phase factor
according to Eqs. (22) . At zero energy, the electron and hole wave vectors become exactly opposite, k h = −k e , for any k . Then, the phase factor simply evaluates to unity and the position dependence disappears. Therefore, for small energies we expect considerable equal-spin pairings and a spin polarization of Cooper pairs from the block H + inside the WSM regions. For the other block H − , we find, however, that the situation is exactly opposite, i.e., f In the other WSM region, we find a similar but opposite net spin polarization of Cooper pairs as the CCP preserves the symmetry in Eq. (25) . Therefore, the hybrid junction realizes a dipole of spin-polarized Cooper pairs.
Finally, we study the dependence of the net spin polarization of Cooper pairs on the two relevant parameters in this work, the strength of the CCP χ and the angle α. Choosing the CCP to be equal everywhere in the junction, χ globally shifts the energies ε → ε ± χ of H ± , respectively. So far, we have fixed χ and varied ω in our analysis. The behaviour of the net spin polarization should, however, not change if ε is fixed and χ is varied instead. This is exactly what we find in Fig. 8(a) : choosing, e.g., ε = 0.5∆ 0 , we find the same peaks as in Fig. 7(b) , i.e., f + ↑↑ (z) dominates at χ = −ε, while it is f − ↓↓ (z) at χ = ε. Moreover, the zero-energy mode ε = 0 cancels the net spin polarization for all choices of χ as it is the case for a vanishing CCP. This has an interesting experimental consequence, i.e., it does not matter which quantity is fixed and which one is varied, the signature of the net spin polarization is the same. The angle dependence inherits mainly from those in the equal-spin amplitudes in Fig. 5(b) and (c). The spin polarization vanishes for angles α that are integer multiples of π/2. When α deviates from these values, the spin polarization increases quickly and reaches the maximal value at around α m ∈ {π/4, 3π/4, 5π/4, 7π/4}, see Fig. 8(b) . The tuning of angle does, however, not result in a qualitative change but alters merely the magnitude in the signature. These dependencies indicate different ways to manipulate the spin polarization of Cooper pairs.
VI. CONCLUSION AND DISCUSSION
To conclude, we have shown that the transport properties and pairing amplitudes in Weyl NSN junctions depend on the angle between the junction direction and the axis separating Weyl nodes. We have also found that a CCP between Weyl nodes of opposite chirality not only modifies the bias dependence of differential conductances, but also produces a spin polarization of Cooper pairs in the WSM regions. The spin polarization is opposite in the two WSM regions and can be controlled by the energy, CCP and angle dependence.
The CCP, which can be introduced either by the chiral anomaly 8, 48, 49 or by strain deformation 50, 51 , is a nonequilibrium effect. Nevertheless, we restrict ourselves in this work to a clean system where the relaxation rate due to the inter-node scattering is much smaller than the energy of the applied fields. In this case, we can expect that the CCP persists for a long time and thereafter our results are applicable.
Although the calculation presented here is based on the more realistic assumption of a large chemical potential in the WSM compared to the pairing potential and CCP, we note that the results of the spin polarization of Cooper pairs and its dipolar characteristic are general and not restricted to these assumptions. Moreover, we have also calculated the case in which the CCP is absent in the superconductor, e.g., due to the Meissner effect, and found that our results stay qualitatively the same.
Recently, the time-reversal symmetry broken WSM phase has been proposed theoretically 6, 14, [22] [23] [24] [25] and confirmed experimentally [63] [64] [65] in many realistic systems. Among these candidates, the magnetic Heusler alloys 22 and tetragonal-structured compounds 23 , which host only a single pair of largely separated Weyl nodes, may provide promising platforms to detect our predictions.
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